Abstract. Prishchepov [16] proved that all equations of length at most six over torsionfree groups are solvable. A different proof was given by Ivanov and Klyachko in [12]. This supports the conjecture stated by Levin [15] that any equation over a torsion-free group is solvable. Here it is shown that all equations of length seven over torsion-free groups are solvable.
Introduction
Let G be a non-trivial group and t an element distinct from G. An equation (in t ) over G of length n is an expression of the form s.t/ D g 1 t " 1 g 2 t " 2 : : : g n t " n D 1 .g i 2 G; " i D˙1/ in which it is assumed that " i C " i C1 D 0 implies g i C1 ¤ 1 in G (subscripts modulo n). The equation s.t / D 1 is said to have a solution over G, or is solvable, if there is an embedding of G into a group H and an element h 2 H such that .g 1 /h " 1 .g 2 /h " 2 : : : .g n /h " n D 1 in H . It is readily seen that s.t/ D 1 has a solution over G if and only if the natural map g ! g from G to hG; t j s.t/i is injective. A conjecture stated in [15] by Levin asserts that if G is torsion-free, then every equation over G is solvable. Prishchepov [16] , using in particular results of Brodskii and Howie [2] , has shown that the conjecture is true for equations of length at most six. A different proof of the same theorem was given by Ivanov and Klyachko [12] . Here we prove the following.
Theorem. Every equation of length seven is solvable over any torsion-free group.
Levin [15] proved that an equation in which the exponent sum " 1 C" 2 C C" n equals the length n is solvable over any group; Stallings [17] showed that if cyclically the t-exponent " i changes sign exactly twice, then s.t/ D 1 is solvable over any torsion-free group; and Klyachko [14] , again for torsion-free groups, has shown that if the exponent sum is˙1, then s.t / D 1 is solvable. Let G be torsion-free and s.t/ have length seven. Working modulo cyclic permutation and inversion it can be assumed without any loss that there are at most three occurrences of t 1 in s.t/. If there are no occurrences then s.t/ D 1 is solvable by [15] ; if there is exactly one or there are exactly two consecutive occurrences, then s.t/ D 1 is solvable by [17] ; or if there are exactly three, then s.t/ D 1 is solvable by [14] . It follows that there remains to be considered two equations of length seven: 
Preliminaries
All necessary definitions concerning relative presentations and pictures can be found in [1] . A relative (group) presentation is a presentation of the form P D hG; xjri where r is a set of cyclically reduced words in G hxi. If the relative presentation P is orientable and aspherical, then the natural map from G to hG; xjri is injective [1] . In our case x; r consists of the single element t; s 2 .t/ (respectively), therefore P is orientable and so asphericity implies s 2 .t/ D 1 is solvable. We use two methods to establish asphericity: weight test [1] and curvature distribution [7] . The star graph of P D hG; xjri has vertex set x [ x 1 and edge set r where r is the set of all cyclic permutations of the elements of r [ r 1 which begin with an element of x [ x 1 . For R 2 r write R D Sg where g 2 G and S begins and ends with x symbols. Then Ã.R/ is the inverse of the last symbol of S , .R/ the first symbol of S and .R/ D g. A weight function Â on is a real-valued function on the set of edges of which satisfies Â.S h/ D Â.S 1 h 1 /. A weight function Â is called aspherical if the following three conditions are satisfied:
Solving equations of length seven over torsion-free groups (W2) Each admissible cycle in has weight at least 2 (where admissible means having a label trivial in G).
(W3) Each edge of has a non-negative weight.
If admits an aspherical weight function, then P is aspherical [1] . For convenience we rewrite s 2 .t / D 1 as Lemma 2.1. The presentation P D hG; tjs 2 .t /i is aspherical if one of the following sets of conditions holds:
Proof. In each case a new generator x will be introduced to obtain the presentation Q D hG; t; xjr 1 ; r 2 i. We show that there is an aspherical weight function Â for the star graph of Q. It follows that Q, and therefore P , is aspherical.
(i) The relator s 2 .t / is given by s 2 .t/ D at 2 ctdt 1 a 1 tf td˙1t 1 . Letting x D td˙1t 1 at , we obtain r 1 D xtctdx 1 t d˙1f and r 2 D x 1 td˙1t 1 at. The star graph for Q is given by Figure 1 
is given by Figure 1 (ii) again when r 1 D x 1˛4 t˛2t˛5xd 1 t˛3 and so˛1
and once more Â of (ii) suffices. 
Proof. If (i) holds, then adding the generator x D tdt 1 at yields
and if (iv) holds, then
In each case the equation is solvable [17] . For example, if a D e and d D g, then
3 Proof of theorem
Recall that P D hG; tjs 2 .t/i where
If G is locally indicable [10] , then s 2 .t / D 1 is solvable, so we shall assume otherwise: in particular, G is not cyclic. Furthermore, it can be assumed without any loss that G D ha; b; c; d; e; f; gi. Given this, we show that either P is aspherical using, if necessary, Lemma 2.1 or that one of the conditions of Lemma 2.2 must hold and this suffices to prove the theorem. Our approach will be to use the dual of pictures that were introduced by Howie, further details of which can be found in [11] . Suppose by way of contradiction that K is a reduced spherical diagram over P . The regions of K are given (up to cyclic permutation and inversion) by Figure 2 (i) . The star graph of P is given by Figure 2 (ii). The diagram K will have a distinguished vertex v 0 (corresponding to the region of the spherical picture dual to K) and, in general, l.v 0 / yields a cycle in which is not necessarily admissible, that is, l.v 0 / need not equal 1 in G.
Assume until otherwise stated (near the end of Section 3) that l.v 0 / D 1 in G. Then the product of the corner labels read anti-clockwise around any vertex of K yields an admissible cycle in . The degree of a vertex v is denoted by d.v/. Define an angle function on K by assigning 2 =d.v/ to each corner at a vertex v. This way the curvature of a vertex equals 0. If is a region of K of degree n with vertices v 1 ; : : :
It is a consequence of Euler's formula that
in particular, K must contain regions of positive curvature ( ). Using (and the fact that G is torsion-free), we see that the possible labels of vertices of degree 2 in K are (up to cyclic permutation and inversion)
S D ¹ae˙1; dg˙1; bc 1 ; bf 1 ; cf 1 º:
We will proceed according to the number N of labels in S that are admissible. The possibilities can be reduced as follows. We can work modulo equivalence, that 
Remark 1.
In what follows much use will be made, often without explicit mention, of the fact that vertex labels correspond to closed paths in the star graph and of the assumptions that G is torsion-free, G is non-cyclic and that a; d; e; g are nontrivial elements in G. Indeed, unless otherwise stated, contradiction will mean a contradiction to one of these assumptions. 
and add c./ Ä c.2; 2; 2; 3; 4; 4; 5/ D 15 to c. O / as in Figure 3 (ii). Observe (as noted above) that d.v c / > 3 in O of Figure 3 (ii) and, moreover,
does not occur and so add c./ Ä 15 to c. O / as shown in Figure 3 Let Figure 3 
